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A X A2k

Pfaffian F i B % % AT

A An XA 24247 71 X

A&En x nfEl%F,

Det(A) =|Al = Y (-

TESH

TP XA % Xt A g 8 T H k.

Permanent(A) = Z

8(7r H A; m(5)

1T 40

TES, j=1

HA—-1=1 mod 2, Permanent(4) =

|A| mod 2.
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A X A2k

S e
AR A X AR
o O =HHFEHA (k>1) o
Leslie G. Valiant: The Complexity of Computing the Permanent. Theor. Comput.
Sci. 8: 189-201 (1979)

[ )
aAq + B Ay By
A Aa Ag
Perm . =a - Perm . + Perm
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A
AQ AQ
Ay Ay
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Arde X2k Pfaffian F @A

AR A X A2 2F

o Ty(n)&k Tt Hn x nsE AR 6 5 iknt ],
o Ty(n) < Cnt—3

To(n) =n-Te_1(n) + Ts(n — 1) = Cn**° + C(n — 1)*3



e X 2k Pfaffian P B 7 % I AL

Permanent: 1% & 6947 A% & ICBL# H

o AZn x nEl%E,

2 3L

Permanent(A) = Z HAJ?WU)
TESy j=1
o AFBAEEAT: nNRARE, F2nAsE091BE,
e V={1,2,...,n}
AEBGV,E,W)¥, H®AG,k)HAREW (5, k) = Aj ko
o Permanent(A)RGW T H B E RN EZ A=,
e V={12,....,n}, U={1,2",...,n'}

RENSEH(V, U, E,W)%, A0, K)REW(,K) = Ajre

o Permanent(A) & H&PT A % & EEALE Z A=,

£ IC B2 5 Minor



fofe XAg 2k Pfaffian

TPIX: wHTHEESSBEATEER

F i B % LT

m = (1)(23)(456)

o HEZ| YA B M =AB R K E A B AR A 181,

QQY

o =BE R EEARY XXM A G518
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SN kWD

<
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!
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5
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Pfaffian F i I % & I AL %, % IC AL 5 Minor

Pfaffian: #7589 % % IT B
o GRA—ANUWHE., 22NN EO LB,

Pfaffian(G) = oo (F)MEEREE L MwRE
MAEGH R ¥ EE
o IREAEFAANLMEARME, XKD LL
1 12=2n 1 12
g & 1 3 == 1]
3 10 3 10
4 9 4 9
5 g 5 8
6 7 6 7

o 2R, XI;L—FEAEAGAANG R, Flieddfe10, T XHK A
BHBEEIRT, mEXMHRBETST, AR T EHROFTE



Pfaffian i B % £ T

BT AR%E %= 09 Pfaffian

L4 EL%’%’\%‘EMF-M Mj,k; = _Mk’jo

. 5% IE AL 5 Minor

o A KGRI ARSEE M by Pfaffian£0; 4o RAZABE2n, &

XA

Pf(M)=> (=1 M (i, ig) M(is,ia) ... M (izn-1, i2n),

™

';H‘;CP? ™ = (il)"wiQn)r 7:1 < 7:3 < -

12,13 < 14y, 02n-1 < i2n0
o Pfaffian £ A4 Ty H ik,

Pf?(A) = Det(A)

< dop_1, 11 <



Pfaffian

T B % & IE AL

— A REEFRRY, THTOLELRRRES, TLS R
E N T e A

T B 7% E R BLAY o0 XA 1] 69 FK T H ik & do AT 3 69 2
MPfaffainty % — A2 LA EW, KEL-FEBH—kAL
MERA R T, RIFATEANEE, TG R T F R LK
B ke RS A87H

MPfaffain® % — A2 LA KA, dF—&R@A( kA
AR Ew, ERIFHIEEM, M, = —My; = w, &
%—Mj7k = MkJ‘ = Wo

MALGEGH—ANA LG, RATEIAA] — k, REHIA
Aj <+ ko

B—ANE S 695 @), 1% 1F4PerfectMathing(G) = Pf(M).
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Pfaffian F i [ % & T AT %, % IC AL 5 Minor

T B 7 E T AL Y2 4 %) Pfaffian

By b-FEEGHETRNTE R G TR
HT kBRI nFia, SHMREE P TEG R T,

7 = ((i192)(i3,14)(i5, 76) - - - )
7 = ((d213)(i4,75)(i6,91) - - )
2 X
5 ((inizisiaisic -
o 121324750611 * - *

(_1)6(W)(_1)6(T) — (_1)6(5)
iy
i5 i3
is iz
° i1

Pfaffian Orientation: https://en.wikipedia.org/wiki/FKT _algorithm;



Pfaffian F @ B % & AL e, 5 IE AL 5 Minor

A
o REEMIMA0,1,0,...,0]H MK E R,
MEwEL, ARA—AE[1,0,w].
o Je TIREML (EAI]) FNT—NHEHC(N,E,S,W),
C(0,1,0,1) = C(1,0,1,0) = C(0,0,0,0) = 1, C(1,1,1,1) =
—1, FFH 4R FAEA 20,

VY, N
® ®
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frde X 2R Pfaffian i B % £ T % % IE AL 5 Minor

-1 & P AR A — A%

e C(0,1,0,1) = C(1,0,1,0) = C(0,0,0,0) = 1, C(1,1,1,1) =
—1, FEHHEARHEAEA RO,
o |CTT hde—/~—Ax B L&Y o] A2 )3 29 ) -F v ) k&g =) R,
o CMIFAE4LT Pfaffian ¥ 893 Lo
o i
Pfaffian®T vA)3 25 2| -F & 7 £ I BLALE F= 5] A1,



Pfaffian F @ B % & AL ¢, % IC AL 5 Minor

LY ARESEN

fR e XA 2

— AR HHF {0,117 — CiH R T H X
WAEERAAKn# o, f € (0,1}, E&{ila # 505
M B kiﬁ,i’y{pl,pg,...,pk},

[ ]
k
> (1Y Fa®e,)F(Bdep,) =0
j=1
o T AAYE PR & B Pfaffian®9 Grassmann-Pliicker$ X..
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Pfaffian F @ B % & AL ¢, % IC AL 5 Minor
FI 3 ] P IE B

o A2H45: [0,1,0,...,0]# R EEI]HF X,
o TSRk E P 4 AYiE H

Figure: Juxtaposition and Jumper
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Pfaffian i B % £ T % % IE AL 5 Minor

FEPR AP 5 F 2t . Juxtaposition

F(SUl,... y Lsy Y1, - '-,?/t) = P($17---7$3)Q(yl,- "ayt)-
= A8
k .
S 1Y F(a® e ) F(B® 6y,) = 0
j=1
WAHI(F, o, B) =

I(F,ad/, Bp') = Q(e)Q(B)I(P, v, B)£P () P(B)I(Q, o, B') =
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Pfaffian F @ B % & AL % % IE A 5 Minor

Jumper
=) 48
k
Z 1)/ F(a®ep,)F(B®ey,) =0
7=1
RHI(F, a,B) = 0

F(xs,...,x5) = P(0,0,23,...,2s) + P(1, 1,21, ..., 25)

I(F, o, B) = I(P,00a,008) + I(P, 11a, 118)+
(I(P,00a, 118) + P(10a) P(018) — P(01a)P(108))+
(I(P,11a,008) + P(01a)P(108) — P(10a)P(015)) =

16 /21



L Pfaffian F @ B % & AL ¢, % IC AL 5 Minor

ICEL] R R T HE

o MAEERITFHAEEITF X, TVAER An2AMAR T 444
ET TR

o Lz ATy EL]] (B9kT) , EAHHEH BRI
(B &T) o

o LA iR,

W R T 4 4B R R 69 B b Ay Sk ?
FE B K A3 EE, A R R, BXA A
T bridgeless-F & [ 69 — 23t [ M R AL B IE A w9 &, 2 32 ?
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Pfaffian F i [ % & T AT %, % IC AL 5 Minor

KK

o —/ANFTHRAKMEE LAY LI LA YA, T ALL poly(n) B
i8] 13+ H e 89 T E AR E Fe
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Pfaffian P B 2 % E A %, % IC AL 5 Minor

%, % T EHL 5 Minor

’4\@%%@1@%ﬂ_ﬂ'l%’E“}y’iﬁK&gﬁﬂKﬁ’E%Minoro
AT EESNTERERE AP, #A %R X0 &,
o XA K3 3Minor
o %X H KsMinor
o XA HMinor, HT AR A — /N & E-Fd L,
VAT K7Minor &y BV A 5] 69 %, & IE BUA E Ae o] AL, R H# P
19
R AR?
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%, % IC AL 5 Minor

Sk Lk

https://en.wikipedia.org/wiki/Pfaffian
https://en.wikipedia.org/wiki/Pfaffian

Radu Curticapean: Counting perfect matchings in graphs that
exclude a single-crossing minor http://arxiv.org/abs/1406.4056

Daniel Marx: Algorithmic Graph Structure Theory
http://resources.mpi-inf.mpg.de/conferences/adfocs13 /material.htm
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fR e XA 2

Pfaffian P B 2 % E A %, % IC AL 5 Minor

AT V9 3 =) B

& 3

KE M2, #CSPRAL, SAT = #

Zh R (FRIRpERB)

A HALBHCSP(A), BR A, Holant/? 2 (FERARHZIT)
KRG & T, ZoELELLEY

A BEEFATHEE R KA, BfXHE
Pfaffian 5 -F & & . % T AL
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