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ÈÚª�2Ú1�ª

• A´n× nÝ
"
•

Det(A) = |A| =
∑
π∈Sn

(−1)ε(π)
n∏
j=1

Aj,π(j)

• 1�ªkõ�ª�mpd���{"
•

Permanent(A) =
∑
π∈Sn

n∏
j=1

Aj,π(j)

• Ï�−1 = 1 mod 2§Permanent(A) = |A| mod 2"
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ÈÚª�2k

• O(n4k−3)�{{0£k ≥ 1¤"
Leslie G. Valiant: The Complexity of Computing the Permanent. Theor. Comput.

Sci. 8: 189-201 (1979)

•

Perm
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•

2|Perm
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ÈÚª�2k

• Ts(n)L«O�n× nÝ
�2k��{�m"

• Ts(n) ≤ Cn4k−3

•

Ts(n) = n · Ts−1(n) + Ts(n− 1) = Cn4s−5 + C(n− 1)4s−3
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Permanentµóã����{��ê8

• A´n× nÝ
"

½Â

Permanent(A) =
∑
π∈Sn

n∏
j=1

Aj,π(j)

• Akü«ãL«µn�:�k�ã§Ú2n�:�óã"

• V = {1, 2, . . . , n}
k�ãG(V,E,W )¥§k�>(j, k)��­W (j, k) = Aj,k"

• Permanent(A)´G�¤k�CX�­�Ú"

• V = {1, 2, . . . , n}§U = {1′, 2′, . . . , n′}"
Ã�óãH(V,U,E,W )¥§>(j, k′)��­W (j, k′) = Aj,k"

• Permanent(A)´H�¤k�{���­�Ú"
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1�ªµ�ÎÒ��CX�óã�{��
•

π = (1)(23)(456)

• ü��Ûó5=óê�Ý���ê8Ûó5"

• =óã�{��¥��ê8�Ûó5
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Pfaffianµ�ÎÒ��{��
• G´��>��­!¹2n�º:�Ã�ã"
•

Pfaffian(G) =
∑

M´G��{��

(−1)M���ê8 ·M��­

• ����¥ü�>���é�§��ê8C1"

• �´§���^��>�ü�à:§~X4Ú10§��ê8
�Ûó5ØC"XJù«���CÒ§Ò¤
���Ûó
5"
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�é¡Ý
�Pfaffian

• �é¡Ý
MµMj,k = −Mk,j"

• Ûê����é¡Ý
M�Pfaffian´0¶XJ´óê2n§½
Â�µ

Pf(M) =
∑
π

(−1)ε(π)M(i1, i2)M(i3, i4) . . .M(i2n−1, i2n)§

Ù¥§π = (i1, . . . , i2n)§i1 < i3 < · · · < i2n−1§i1 <
i2, i3 < i4, . . . , i2n−1 < i2n"

• Pfaffiankaqpd����{"

•
Pf2(A) = Det(A)
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²¡ã�{��

• ��ã�)²¡ã�§�ÎÒ��{���­Ú§�±õ�
ª�mSO�"

• ²¡ã�{���õ�ª�m�FKT�{´XÛO��º

• lPfaffain�1��½Â�Ý`§�¿�²¡ã��
>�
�­V\KÒ§¦�éz���§�­�#KÒUÚ��ê
8�5�KÒ��"

• lPfaffain�1��½Â�Ý`§éu�^Ã�>(j, k)9
Ù�­w§3�é¡Ý
M§-Mj,k = −Mk,j = w§�
´−Mj,k =Mk,j = w"

• À�Ã�ãG���>½�§�cö@�j → k§��ö@
�j ← k"

• ���·��½�§¦�#PerfectMathing(G) = Pf(M)"
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²¡ã�{��8��Pfaffian
• g´µ4²¡ãG�?Ûü��{���ÎÒ�Ó"
• ÎÒ5güÜ©µπ�Ûó5§é¡Ý
¥���KÒ"
•

π = ((i1i2)(i3, i4)(i5, i6) · · · )
τ = ((i2i3)(i4, i5)(i6, i1) · · · )

• ½Â

δ =

(
i1i2i3i4i5i6 · · ·
i2i3i4i5i6i1 · · ·

)
•

(−1)ε(π)(−1)ε(τ) = (−1)ε(δ)

•
• Pfaffian Orientation: https://en.wikipedia.org/wiki/FKT algorithm10 / 21
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���

• �{��Ò´[0, 1, 0, . . . , 0]�¤�Üþ�ä"
�­w�>§��´��:[1, 0, w]"

• XeÜþ�ä£���¤¢y
��¼êC(N,E, S,W )§
C(0, 1, 0, 1) = C(1, 0, 1, 0) = C(0, 0, 0, 0) = 1§C(1, 1, 1, 1) =
−1§¿�Ù¦¼ê�Ñ´0"

•
11 / 21



ÈÚª�2k Pfaffian ²¡ã�{�� �{���Minor

^²¡ã�[��ã

• C(0, 1, 0, 1) = C(1, 0, 1, 0) = C(0, 0, 0, 0) = 1§C(1, 1, 1, 1) =
−1§¿�Ù¦¼ê�Ñ´0"

• |C|�±r����ãþ�¯K8��²¡ãþ�¯K"
• CTÐ�[
Pfaffian¥���"

• íØ
Pfaffian�±8��²¡�{���­Ú¯K"
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����ª

• ������¼êF : {0, 1}n → C÷vXe�ª"
• é?¿ü��n�Gα, β ∈ {0, 1}n§8Ü{i|αi 6= βi}�IÒ
l���P�{p1, p2, . . . , pk}§

•
k∑
j=1

(−1)jF (α⊕ epj )F (β ⊕ epj ) = 0

• �Ð�y²5gPfaffian�Grassmann-Plücker�ª"
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^µ45y²

• å©µ[0, 1, 0, . . . , 0]÷v����ª"

• /¤Üþ�äü«$�µ

Figure: Juxtaposition and Jumper
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3ü«$�eµ4µJuxtaposition

•

F (x1, . . . , xs, y1, . . . , yt) = P (x1, . . . , xs)Q(y1, . . . , yt).

• £�
k∑
j=1

(−1)jF (α⊕ epj )F (β ⊕ epj ) = 0

• P�I(F, α, β) = 0"

•

I(F, αα′, ββ′) = Q(α′)Q(β′)I(P, α, β)±P (α)P (β)I(Q,α′, β′) = 0.
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Jumper

• £�
k∑
j=1

(−1)jF (α⊕ epj )F (β ⊕ epj ) = 0

• P�I(F, α, β) = 0"

•

F (x3, . . . , xs) = P (0, 0, x3, . . . , xs) + P (1, 1, x1, . . . , xs)

•
I(F, α, β) = I(P, 00α, 00β) + I(P, 11α, 11β)+

(I(P, 00α, 11β) + P (10α)P (01β)− P (01α)P (10β))+

(I(P, 11α, 00β) + P (01α)P (10β)− P (10α)P (01β)) = 0
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����{'L«�Ñ�{

• Ï����F÷v����ª§�±y²^n2��=��;
L«�����¼ê"

• ®�$�c����£�L«¤§NoO�$������
£�L«¤"

• �k
[!?n"

d�{UÄ�ÑÝ
¦{��¯��{º
3½Â����3��ÿ§kvkaq�µ45�§kvk^
ubridgeless²¡ã��
µ45�U
y²oÚ½nº
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º�

• ��º��k�­¡þ�Ã��>�ã§�±34kpoly(n) �
mSO�§��{���­Ú"
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�{���Minor

• ��ã´²¡ã��=�§vkK3,3ÚK5��Minor"

• ±eã8Ü��{���­Ú¯K§Ñkõ�ª�m�{"
• vkK3,3Minor
• vkK5Minor
• vkHMinor§H�±�^����x3²¡þ"

• ±Ø¹K7Minor�ã��¢~��{���­Ú¯K§´#PJ
�"

• >.3=º
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ë�©z

• https://en.wikipedia.org/wiki/Pfaffian

• https://en.wikipedia.org/wiki/Pfaffian

• Radu Curticapean: Counting perfect matchings in graphs that
exclude a single-crossing minor http://arxiv.org/abs/1406.4056

• Daniel Marx: Algorithmic Graph Structure Theory
http://resources.mpi-inf.mpg.de/conferences/adfocs13/material.html

20 / 21



ÈÚª�2k Pfaffian ²¡ã�{�� �{���Minor

coù£�

• ½Âµ
Üþ�ä!#CSP¯K!SAT¯K

• �©½n£�{Ü©fV¤µ
Eê��#CSP(A)§ãÓ�§Holant¯K£ÜÅ@ê�¤

• Üþ�ä��«~f§(ÜÆ��E8�
• �E8��ÛAA^µ�5uÿ§ÈÚª�{
• Pfaffian�²¡ã�{��
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